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ABSTRACT 
Given a dosed n-dimensional cube in Euclidean -space E . ,  a box is (by definition) 
a dosed rectangular parallelopiped contained in the cube and having edges parallel 
to the edges of the cube; a ray is a straight line of E. which intersects the cube and 
is parallel to an edge of the cube; a configuration is a set of disjoint boxes which do 
not completely fill the cube although the set intersects every ray; a configuration is
minimal if it consists of as few boxes as possible; and K. is the number of boxes in 
a minimal configuration. Rademacher, Dickson, and Plotkin [1] conjectured that 
K~ = 2~-1n and proved that K1 = 1, K~ = 4, K3 = 12, and K4 > 30. We prove 
here that 2"-~(n + 4) -- 2 < K. < 2"-1n and state some further conjectures. 
1. INTRODUCTION AND STATEMENT OF RESULTS 
Let Ln denote the maximum number of vertices of the cube which can 
simultaneously lie in a minimal configuration. We conjecture that L,  = 2n 
for n> 1, and we prove that Kn = 2 n-1 follows from the truth of this 
conjecture. It is certainly true that Ln = 2n for n = 2 or 3. We deduce 
K~ ~ 2"-2(n + 4) -- 2 
from the trivial inequality L,  ~< 2% 
We say that a configuration is planar if each box in it is an (n -- 1)- 
dimensional parallelopiped, i.e., each box has zero thickness. We shall 
explicitly construct a planar configuration with 2'~-1n boxes, thus proving 
K, ~ 2'~-1n; and we shall also show that Ks = 2'~-an if and only if there 
exists a minimal configuration which is planar. Rademacher, Dickson, 
and Plotkin [1, p. 14] conjectured (and we shall prove) that there exists 
a minimal configuration i  which all boxes are arbitrarily thin, though not 
actually of zero thickness: and they suggested (but incorrectly, we believe) 
that his result would of itself imply K,  >/2"-1n. 
We shall take the cube to be the region 0 ~< xi <~ 1 (i = 1, 2 ..... n) of 
n-dimensional Euclidean space En with coordinates (x~, x2 ..... x,~). 
A transformation of the form x i -+  (2x~ -- 1)/xi(1 - -x i )  will carry the 
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cube into the whole of En and will carry any configuration i to what we 
may call an unbounded configuration. Clearly every axis-parallel line of 
En will intersect an unbounded configuration. However, we conjecture 
the stronger esult that there exists a minimal unbounded configuration 
(i.e., one consisting of K, disjoint regions with axis-parallel boundaries, 
some or all of these regiojas being semi-infinite) such that every line, 
whether axis-parallel or not, intersects the configuration, This raises the 
more general question of the minimum number of disjoint closed (finite 
or semi-infinite) convex polytopes required to intersect all lines of E , .  
A plausible answer is In(n + 1); but we shall not pursue this issue further 
in this paper. 
2. PROOF OF K n ~ 2n-in 
For typographic convenience we reserve the symbol c for the constant 
--I ,  it being easier to print c" than (--  1),. For any real number a, we 
write {a} = a -- [a], where [a] denotes the largest integer not exceeding a. 
For example, {c 3} = 7]8. We write I(a) for the closed interval 
l(a) = t [0' (a}], if [a] --- 1 (mod 2) 
{[{a}, 1], if [a] ----- 0 (mod 2). (2.1) 
If 11 and Is are intervals, either of which may be a degenerate interval 
consisting of a single point, we write I1 --~ Is to signify that 11 and Is are 
not disjoint. For any real a, b we define 
f(a, b) = t + 1, if {a} >~ {b} (2.2) 
~--1, if {a}<{b}. 
LEMMA 1. I f  U1, Us ,.,., U~-I are arbitrary prescribed points in the closed 
interval [0, 1 ], there exists an odd integer (0 < r < 2 n) such that ui ~ I(cir) 
for  all i = 1, 2 ..... n -- 1 simultaneously. 
PROOF: For any a, the union of I(a) and I(1 § a) is the whole of the 
closed interval [0, 1] by virtue of (2.1). Therefore starting from P0 ---- 1 
we may recursively define binary digits P0, Pl ..... P,-1 by the requirement 
Ui ~ I(pi + ciai), where 
ai :- Po + 2pl + "'" + 2i-1pi_l, 
Put r ---- a,_l 9 Then r is odd and 0 < r < 2 n. Also 
I(cir) = I(cia,_l) : I ((- -  1)ipi + ciai) = I(pi + ctai) (2.3) 
and the lemma follows. 
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LEMMA 2. I f  I(a) ~ I(b) and{a} :/: {b), then (ca} :;~ {cb) and f (a, b) = 
- -  f (ca, cb). 
PROOF: Since I (a )~ I(b) is symmetric in a and b, we may suppose 
{a} > {b}. (2.4) 
If the lemma is false, then {ca) >~ {cb}; and this implies 
(89 ~ (89 (2.5) 
From (2.4) and (2.5) we deduce 
[a] ~ 0 (mod 2) and [b] ----- 1 (mod 2). (2.6) 
However, (2.4) and (2.6) contradict the hypothesis I(a) ~ I(b). 
LEMMA 3. Let a be any real number and let r and n be odd integers uch 
that 0 < r < 2 ~, I f  f (a, e~+lr) = f (a, cr + c~+lr), then f (a, c~+ar) = 
f (a ,  er). 
PROOF: Since n + 1 is even and r is odd and 0 < r < 2 n, we have 
0 < (89 = c"+Ir < 89 = {cr). 
Hence 
0 < {cn+lr) < (or} < {cr + c~+lr} < 1. (2.7) 
If  f (a ,c"+l r )= - -1 ,  then {a} <{en+ar}<{er} and f (a ,  c r ) :  - -1 .  
I f  f (a ,  e'~+ar) = + 1 = f (a ,  er § c'~+lr), then {a} ~> (cr -? e"+lr} > (er) 
andf (a ,  er) : + 1. 
LEMMA 4. For odd n >~ 3, there exists a planar configuration of 2~-an 
boxes. 
PROOF: For each odd integer satisfying 0 < r < 2 '~ define 
P(c"r) : I(c"r) t'3 I(r + cnr). 
Since r is odd, I(r + c"r) : I(1 + c"r); and so (2.1) and (2.8) show that 
P(cnr) is simply the degenerate interval consisting of the single point {e'er}. 
Next define the Cartesian products 
Jl(r) = P(c"r) X I(cr) x I(e2r) • "'" x I(e"-~r) x I(c"-lr) 
J~(r) : I(c"-lr) X P(c"r) X I(er) X "'" X I(c"-3r) X I(c"-2r) 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (2.9) 
J,(r) = I(cr) X I(c~r) x I(car) • "'" x I(c"-lr) • P(c"r). 
Thus each Jk(r) is an (n -- 1)-dimensional box in the unit cube. We shall 
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prove that these Jk(r) for k : 1, 2,...,n and r = 1, 3 ..... 2 n -  1 fo rm 
a planar configuration of 2'~-1n boxes. 
In the first place, the number of boxes in this set is clearly 2'~-1n; and 
the set does not completely fill the n-dimensional cube since each box is 
(n --  1)-dimensional. 
In the second place, any ray parallel to the Xn-axis will have an equation 
of  the form x~ = u~ ( i  : 1, 2 ..... n - -  1) where the u~ are prescribed points 
in interval [0, 1]. By (2.9) and Lemma 1, such a ray will intersect at least 
one of the boxes 
J,(1), J~(3) ..... J~(2" - -  1). 
Similarly, any ray parallel to the xk-axis will intersect at least one of the 
boxes 
Jk(1), Jk(3) ..... Jk(2 n - -  1). 
Hence the set of  boxes intersects every ray. 
To complete the proof  of Lemma 4, we have to show that the boxes 
(2.9) are all disjoint. We shall do this by deriving a contradiction f rom the 
assumption that two boxes, say Jk(r) and Jz(s), are not disjoint. Since the 
numbers {cnr} for r = 1, 3 ..... 2 n - -  1 are all distinct, the intervals P(c"l) ,  
P(c"3),..., P(cn(2 " -  1)) are all disjoint; and therefore the boxes Jk(1), 
Jk(3) ..... Jk(2 n --  1) are all disjoint. Hence l :~ k. I f  Jk(r) and J~(s) are 
not disjoint, the cyclic symmetry of (2.9) shows that J , ( r )  and Jm(s) are 
not disjoint, where m: lq -n - -k  (modn).  Since l :~k ,  we have 
0 <m <n.  Since 11 • Is • "'" • In and L' • I~ • ... • can only 
fail to be disjoint if Ii ~ 1~' for all i = 1, 2 ..... n, we have, with the aid 
of (2.8), 
I(c~s) ~.~ I(cm+ir) (i : 1, 2 ..... n - -  m - -  1), (2.10) 
[ (c~-~s)  ~-~ P(c" r )  : l (cnr )  r~ I ( r  + c'~r), (2.11) 
I(c~-m+is) ~ l(c~r) (i = 1, 2 ..... m - -  1), (2.12) 
I (c"s)  c~ I (s  § cns) = e(c'*s) ,-~ I(c'~r). (2.13) 
Now the simultaneous interchange of r with s and of m with n - -m 
converts (2.10) and (2.11) into (2.12) and (2.13). Hence we may work with 
(2.10) and (2.11) only, bearing in mind that any consequences of  these 
relations must be invariant under this interchange. We can write (2.11) 
as a pair of  relations 
I(en-~ns) ~ I(c"r)  (2.14) 
and 
I (c"- '~s) ~.~ I(r  + c"r). (2.15) 
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Combining (2.10) and (2,14) we obtain 
I(cis) ,~ I(c'~+ir) (i = 1, 2,..., n -- m). (2.16) 
Now {CS) = 89 :~ {c~Z+lr) since m > 0 and r and s are odd. Hence, applying 
Lemma 2 successively to (2.16) for i = 1, 2 ..... n -- m, we have 
f (cs, c'~§ = -- f (cZs, c'~+2r) = f (cas, cm+Sr) ----- ".. 
= (__),--mf (c,-m+Xs, c.+tr). (2.17) 
Similarly, applying Lemma 2 to (2.10) for i = 1,  2 . . . . .  n - -m - -  1 and 
finally to (2 .15) ,  we  obtain 
f (cs ,  cm+lr) = ( )'~-mf(c"-m+aS, cr + c"+lr). (2.18) 
Comparing (2.17) with (2.18) and using Lemma 3 with a = c"-m+ls, we 
obtain 
f (es, c'~+lr) = ( - - )n - " f  (c"-'~+ls, cr). (2.19) 
However (2.19) must remain true under a simultaneous interchange of r 
with s and of m with n - -  m;  and so 
f (cr, c"-m+ls) : ( )mf (c~+lr, cs). (2.20) 
But {cs} -- 89 ~/: {cm+lr} and {cr} ---- 89 :;~ {c'~-~+ls} because m > 0 and 
n - -  m > 0 ,  and thus we get from (2.20) and (2 .2 )  
f (cn-m+ls, cr) = ( - - )mf (cs, cm+tr). (2.21) 
Consequently (2.19) and (2.21) yield 
f (cs, cm+tr) = ( - - ) " f  (cs, cm+lr). (2.22) 
Since n is odd, this implies f ( cs ,  c~+tr) ---- 0, which contradicts (2.2) and 
completes the proof of Lemma 4. 
THEOREM 1. There exists a planar configuration of  2'~-1n boxes, and 
consequently Ks <~ 2n-in. 
PROOF:  This is trivial if n ---- 1, since a single point in the interval [0, 1] 
provides the required configuration. By Lemma 4, the theorem holds for 
all other odd n. So suppose n is even. Then n + 1 is odd and n + 1 ~ 3, 
By Lemma 4 we can construct a configuration of 2~(n + 1) planar (i.e., 
n-dimensional) boxes in E,+I; the form of (2.9) shows that in this construc- 
tion exactly one box intersects each edge of the cube in E~+I. Hence the 
intersections ofthese n-dimensional boxes with a prescribed (n-dimensional) 
face of the cube yields a configuration of 2~-~n planar (i.e., (n -  1)- 
CONJECTURE OF RADEMACHER ET AL. 187 
dimensional) boxes in E~, since 2~-1n is the number of edges of an 
n-dimensional cube. 
3, PLANAR CONFIGURATIONS 
We prove first that a planar configuration must consist of at least 
2"-1n boxes. Let P be a point on an edge of the cube which is parallel to 
the xl-axis; and suppose P is not a vertex of the cube. Given a planar 
configuration, let B1 be the subset of boxes in the configuration which 
have zero thickness in the direction of the xl-axis. Each neighborhood of 
P is intersected by at least one ray parallel to the x~-axis which intersects 
no box not in B~. Such a ray must therefore intersect a box of / /1.  Since 
the neighborhood of P may be taken to be arbitrarily small, and since the 
boxes are closed, it follows that at least one member of B1 must intersect 
the edge on which P lies. This member of B1 cannot intersect any other 
edge parallel to the xl-axis; for, if it did it would have such an edge on 
the same face as the first and we could find a ray joining these two edges, 
parallel to an axis, and sufficiently close to the member of B~ and yet not 
meeting the configuration, because the members of the configuration are 
closed and disjoint. Since P may be chosen on 2 ~-~ different edges parallel 
to the x~-axis, it follows that B 1 contains at least 2 n-1 boxes. A similar 
argument applies for edges parallel to any other coordinate axis; and 
thus the planar configuration contains at least 2n-in boxes. This argument 
combined with Theorem 1 gives us the following result. 
THEOREM 2. A planar configuration must possess at least 2~-an boxes, 
and Kn = 2~-1n if and only if there exists a minimal configuration which is 
planar. 
Next consider any given minimal configuration. Since this configuration 
does not completely fill the cube, we can find an n-dimensional interval 
ai < xi < bi (i = 1, 2 ..... n) contained within the interior of the cube 
such that this interval does not intersect the configuration. I f for prescribed 
E > 0 the piecewise-linear continuous transformation, defined for 
i = 1, 2 ..... n by means of 
[ ~xi/ai (0 <~ xi <~ ai) 
t bi Xg + _ a~ i) (a, <. x, <~ bi) (3.1) -x ' -  
b i a, 
11 eQ- -~ i )  (b i~x i<~l ) ,  
is applied to both the cube and the configuration, the cube is transformed 
5821312-6 
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into itself and the configuration is transformed into a new minimal 
configuration i  which each box has a thickness (in at least one direction) 
not exceeding ~. Thus we have established the following result. 
THEOREM 3. There exist minimal configurations in which all boxes are 
arbitrarily thin. 
It is tempting to suppose that we could establish the existence of 
a minimal configuration which was planar by a limiting argument on 
Theorem 3. The difficulty, however, i s  that the set-theoretic limit of 
a sequence of configurations need not exist; and, even when it does exist, 
the limit need not be a configuration: for bxample, the disjointness 
property of a configuration may have been lost in the passage to a limit. 
A related line of attack, which suffers from similar difficulties, is to 
consider the infimum of the total volume of the boxes in a minimal 
configuration; by Theorem 3 this infimum is zero; and, if we could show 
that this infimum is attained, then Kn = 2n-in would follow from 
Theorem 2. 
4. LOWER BOUNDS FOR gn 
THEOREM 4. K,~ ~ 2"-2(n + 4) -- 2 for  all n; and K,/2"- ln tends to 
a limit in the interval [1, 1] as n ~ oo. 
PROOF: The first part of the proof is a straightforward generalization of 
arguments used by Rademacher, Dickson, and Plotkin in their paper. 
No box in a configuration can touch two opposite faces of the cube, for 
otherwise we could find a ray, joining these two faces and near the box 
in question, which failed to intersect he configuration. Thus a box can 
touch at most n faces of the cube. Suppose that gk (k = 0, 1 ..... n) is the 
number of boxes in a configuration which touch precisely k faces of the 
cube. I f  the configuration is minimal we have 
K,  = go -+- gl + "'" q- gn (4.1) 
From the class of minimal configurations we select a configuration which 
maximizes 
M,  = gl q- 2g2 + "'" + ng,; (4.2) 
and we work with this selected minimal configuration. Here Mn is the 
number of box faces which touch the faces of the cube. Let Fk (k = 1, 
2 ..... 2n) denote the faces of the cube, and let f~ be the number of box 
faces which touch Fk. Then 
M,~ =A -}-A q- "" +A, , .  (4.3) 
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Now consider a plane F which initially coincides with Fk and which then 
moves without change of orientation in the direction of its normal 
toward the cube face opposite F~. Since no box extends across the cube, 
F will presently reach a position when it no longer meets one of the boxes 
touching Fk. When this first occurs, F must still meet at least K,~_I boxes, 
for otherwise there would be a ray within F which failed to meet a box. 
All of these Kn_l or more boxes must extend to Fk, for otherwise M, 
would not be a maximum. In addition to these boxes, the box, which F 
has just ceased to meet, touches Fk 9 Hence 
fk >~ K,~_I Jr 1 (4.4) 
From (4.2), (4.3), and (4.4) we obtain 
gl + 2g~ q- ... -if- ng, >~ 2n(K~_l + 1). (4.5) 
At this stage Rademacher, Dickson, and Plotkin treated (4.1) and (4.5) 
as a pair of Diophantine relations. We adopt instead a simpler procedure. 
From (4.1) and (4.5) we have 
(n -- 1)K,~ = (n -- 1)go -[- (n -- 1)g~ -+- "" + (n --  1)gn 
/> gl + 2g2 q- "'" + (n -- 1)g~_a q- ng, - -  gn 
>~ 2n(K,_l + 1) - -g , .  (4.6) 
Now g, is the number of boxes which contain a vertex of the cube; and 
hence g, ~< L , ,  by the definition of L,  in Section 1, as the maximum 
number of vertices which can lie in a minimal configuration. Thus 
(n -- 1)K, >~ 2nK,_ l  -+- 2n --  L , .  (4.7) 
The trivial inequality L,  ~< 2 n now gives 
(n -- 1)K,~ ~> 2nK,~_~ + 2n -- 2". (4.8) 
Now define k,~ by means of 
K,  = 2n-2(n + 4) -+- k,~. (4.9) 
Substitution of (4.9) into (4.8) yields, after a little manipulation, 
(n -- 1)k, ~> 2n(kn_~ + 1). (4.10) 
We now prove by induction on n that k, >~ --  2 for n >~ 3. Rademacher, 
Dickson, and Plotkin proved that K8 = 12; and so (4.9) gives k3 = -- 2. 
I f  k,_l >~ -- 2 for n >~ 4, then (4.10) gives 
2n 2 
k,  >~ n -- 1 - -2 n - -1  (4.11) 
190 BINGHAM AND HAMMERSLEY 
But (4.9) shows that k ,  is an integer, because K,  is an integer. Hence 
(4.11) gives kn >~ - -2 ,  since n --  1 ~ 3. This completes the induction 
and shows that 
K~ ~ 2"-~(n + 4) - -  2 (4.12) 
for n >~ 3. Since/s = 1 and/s = 4, (4.12) is true for all n. 
F rom (4.10) we have a for t ior i  (n -- 1)k, ~ 2nk,~_~, which shows that 
kn/2n-Xn is a monotone function of  n and therefore tends to a limit as 
n--+ ~.  Hence, using (4.9), we find that Kn/2n-ln tends to a limit as 
n---* ~;  and obviously this limit lies in [89 1] in view of (4.12) and 
Theorem 1. 
Without some additional condition, derived f rom the geometry of the 
situation, (4.12) is the sharpest result that can be derived from (4.1) and 
(4.5). To see this we note that (4.1) and (4.5) are satisfied by 
K~ = 2 ~-~ (n + 4) - -  2, gn = 2 n, gn--1 = 2 '~-2 n --  2, 
gn-~ =g~-3  . . . . .  go = 0, n ~> 3. 
If, however, we could derive a sharper bound on L ,  than Ln ~< 2" 
from the geometry, then (4.12) could be improved. In particular we can 
derive the following result directly f rom (4.7) and Ka = 12. 
THEOREM 5. I f  Ln = 2n for  all n > 1, then Kn = 2n-in for  all n >~ 1. 
It is obvious that L~ = 4; and Rademacher,  Dickson, and Plotkin 
[1, p. 10] state that L3 = 6 can be verified by arguments imilar to those 
given earlier in their paper. We have indeed carried through this verifica- 
tion; but we do not describe it here because it is, as they remarked, 
cumbersome. The conjecture Ln = 2n for general n > 1 looks reasonable, 
but seems to need some fresh ideas for its proof. One might possibly look 
for a formula for the necessary and sufficient number of boxes, say 
K,(L) ,  for a configuration that contains exactly L vertices of the cube. 
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